Abstract. If a normal quartic surface admits a singular point that is not a rational double point, then the surface is determined 
Introduction
The purpose of this paper is to classify the complex normal quartic surfaces in the 3-dimensional projective space P 3 with irrational singularities by determining their minimal desingularizations. Let S be a normal quartic surface and let σ : M → S be the minimal desingularization. Then M is known to be one of the following surfaces (cf. [7] ):
(1) a K3 surface;
(2) a P 1 -bundle over a smooth quartic curve of P 2 ;
(3) a ruled surface over an elliptic curve; (4) a rational surface.
In the case (1), S has only rational double points as singularities. In the case (2), S is nothing but the cone over the quartic curve. Umezu [7] have determined the structure of M and the minimal desingularization σ : M → S in the case (3).
The classification problem has been studied by a number of algebraic geometers for more than half century. Umezu [7] and Urabe [8] , [9] considered the problem from a viewpoint of singularities. Umezu studied the singularities of a normal Gorenstein surface with trivial dualizing sheaf in [6] . In our case, the singularities which are not rational double points are studied by the configuration of the effective anti-canonical divisor E of M determined by K M ∼ σ * K S − E. In the next paper [7] , Umezu described the pair (M, E) by determining the blowing-up process from a relative minimal model of M. Urabe [8] ,
[9] applied Looijenga's argument in [4] to the pair (M, E) in which E is irreducible. By using Dynkin diagrams, Urabe determined possible singularities on S σ(E). On the other hand, Degtyarev [2] considered the problem by types of equations of hypersurface singularities listed in [1] .
Our approach is different from theirs. We consider a triplet (M, We shall give examples of the triplets (M, D, E) and (X, B, G) in §2
and we shall show in §3 that any basic triplet (M, D, E) satisfying C is one of the triplets given in §2. For the proof, we need some well-known facts on generalized del Pezzo surfaces, rational elliptic surfaces, elliptic ruled surfaces, double-coverings, and extremal rays.
Our classification is very rough compared to Umezu's work [7] . Because, firstly, it is not the classification modulo isomorphisms. We need a hyperplane section as an additional datum. Secondly, by the use of separation, we avoid studying the configuration of centers (including infinitesimally near points) of related blowings-up. It is related to the description of singular points on S. However, we can give a geometric construction of any normal quartic surface with irrational singularities.
It might be useful for the fine classification.
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Notation
Every varieties are defied over the complex number field C. Curves and surfaces are always assumed to be irreducible, reduced, and projective. These are smooth (over C) if and only if they are non-singular.
Divisors: Let X be a normal surface or a smooth curve.
-O X (D) denotes the invertible sheaf associated with a Cartier divisor D.
We write also
-For a non-zero global rational section ϕ of an invertible sheaf L of X, we define
in which ord Γ (ϕ) is the order of zeros or the minus of the order of poles of ϕ along a prime divisor Γ ⊂ X.
-The linear equivalence relation for divisors is denoted by ∼.
-|D| denotes the complete linear system associated with a divisor
Φ |D| is equivalent to the map given by
The base locus of |D| is denoted by Bs |D|. Curves: Let C be a curve.
-The arithmetic genus p a (C) is defined as h
-A rational curve is a curve C with g(C) = 0. An elliptic curve is a smooth curve with g(C) = 1.
-A smooth curve C of genus g(C) ≥ 2 is called hyperelliptic if the image of the canonical map
is P 1 . In this case, C → P 1 is a double-covering. If C is a nonhyperelliptic curve, then the canonical map is an embedding of C.
-A quartic curve is a curve C ⊂ P 2 with degree 4. A smooth quartic curve is nothing but a non-hyperelliptic curve of genus 3.
C is called a conic.
-Let E be a locally free sheaf on C. We denote by P C (E) the projective bundle associated with E. The tautological invertible sheaf O E (1) associated with E is defined as the invertible sheaf on P C (E)
Surfaces: Let X be a smooth surface, Γ a curve, and C a smooth curve.
-q(X) denotes the irregularity of X:
-For a curve Γ ⊂ X, the adjunction formula
-A (−1)-curve of X is a smooth rational curve C ⊂ X with C 2 = −1. It is usually called the exceptional curve of the first kind. A smooth rational curve C ⊂ X with
is not f-nef, then one of the following cases occur (cf. [5] ):
(1) There is a (−1)-curve contained in a fiber of f;
(2) f is isomorphic to a P 1 -bundle over a smooth curve C defined over Y ;
is a point and X P 2 .
-A rational surface is a surface birational to P 2 . A ruled surface is a surface birational to a P 1 -bundle over a curve. A ruled surface is called relatively minimal if it is non-singular and there are no (−1)-curves.
An elliptic ruled surface is a ruled surface X with q(X) = 1.
-Let X → C be a P 1 -bundle. A minimal section is a section whose self-intersection number is minimal among sections. Suppose that the bundle is associated with a locally free sheaf E. Then E is not semistable if and only if the self-intersection number of minimal section is negative. In this case, the minimal section is unique and is called the negative section.
-The Hirzebruch surface Σ r for r ≥ 0 is defined as the P 
Proof. In view of the exact sequence 
Therefore, we may assume that M is an irrational relatively minimal surface. Hence M has a P 1 -bundle structure p : M → C over a smooth curve C with g(C) = q(M) > 0. Here, we have the following exact sequence: The condition C for (M, D, E) is the collection of the following two conditions:
Let σ : M → S be the minimal desingularization of a normal quartic surface S with irrational singularities. Let E be the σ-exceptional anti- 
Proof. Since D is a nef and big divisor,
by Kawamata-Viehweg's vanishing theorem. Hence
by Proposition 1.1. In view of the exact sequence
Thus we have a generically finite morphism
Let S be the image. 
Lemma 1.5. The separation exists and is unique.
Proof. First, we shall show the existence. If B ∩ G = ∅, then the identity mapping X → X is the separation. Assume that B ∩ G = ∅.
Let ρ 1 : Y 1 → X be the blowing-up at a point x 1 ∈ B ∩ G and let Γ be the exceptional divisor ρ
and we define B Y 2 and G Y 2 similarly. By continuing this procedure, we finally get the separation.
Next, we shall show the uniqueness.
Let π : Y → V be the contraction of all the ρ-exceptional (−2)-curves.
Then V has only rational double points as singularities, and
for effective Cartier divisors B V and G V on V , respectively. There is an effective Cartier divisor E on V such that
Hence, τ is the normalization of the blowing-up of X along
Definition. Let (X, B, G) be a basic triplet and let r be a non-negative integer. The condition C r for (X, B, G) is the collection of the following two conditions:
If (X, B, G) satisfies the condition C r , then
implies the condition C.
Lemma 1.6. Let (X, B, G) be a basic triplet satisfying the condition
proper transform of B, and
satisfies the condition C r−1 .
, and
is nef and
(2) We infer that B B Z , G · Ξ = 1, and that G Z is a non-zero 
Proof. If (M, D, E)
does not satisfy C 0 , then it is of Type A. Thus we assume that the triplet satisfies C 0 . By Lemma 1.6, we have a mini-
mal basic triplet (X, B, G) whose separation is (M, D, E). Note that this (X, B, G) is not necessarily uniquely determined by (M, D, E).
If
then there is an extremal ray R such that (2K X + B) · R < 0 (cf. [5] ).
Now the contraction of R can not be birational, since (2K X +B)·Γ ≥ 0 for any (−1)-curve Γ on X. Thus X has a P 1 -bundle structure over a smooth curve or X P 2 . §2. Examples
We shall give examples of basic triplets (M, D, E) satisfying the condition C and examples of minimal basic triplets (X, B, G). §2.1. Examples of Type A
We take a hyperplane H in P 3 and a smooth quartic curve C in H P 2 . For a point v ∈ H, let S := S v be the union of all lines through v and a point of C. Then S is a normal quartic surface and v is the unique singular point. Let σ : M → S be the blowing-up at v. Then σ is the minimal desingularization of S and M is isomorphic 
in which v corresponds to the point (1 : 0 : 0 : 0). The projection P 3 ···→ P 2 from v induces the rational
. Examples of Type B §2.2.1. A generalized del Pezzo surface of degree two
Let X be a generalized del Pezzo surface of degree 2. Then | − K X | has no base points and defines a generically finite morphism τ : X → P 2 of degree 2.
Lemma 2.1. A general member of |−2K X | is a non-hyperelliptic curve of genus 3.
Proof. A general member B of | − 2K X | is a smooth curve of genus 3.
In view of the exact sequence
we infer that the restriction of τ to B is the canonical mapping of 
For a suitable choice of homogeneous coordinate system (x : y : z) of P 2 , we may assume that
form a basis of the vector subspace
We have the following relation:
By taking square, we have
Therefore, S is defined in
in which deg q = 2 and deg δ = 4. The conditions required for q and δ are as follows:
(1) div(δ) is a reduced divisor;
(2) the double-covering branched along div(δ) has only rational double points as singularities;
The image σ(E) of E under σ : M → S is just the point (1 : 0 : 0 : 0).
The projection P 3 ···→ P 2 from the singular point gives the composite 
we take a point q ∈ G Y,0 such that
There exists uniquely a point Proof. We consider the exact sequence:
where b = f −1 (b) and {q } = G∩Γ. Note that b and q are contained in
f(q 1 ) = q 1 , and q 1 ∈ Bs |3G+Γ|. The divisor 3G+Γ is nef and big, since the restrictions of 3G+Γ to any component of G and Γ are nef and since
for i > 0. Therefore h 0 (X, 2G + Γ) = 3 and h 0 (X, 3G + Γ) = 4. We can
from the following three exact sequences:
We consider the following two cases:
In Case B2-2, 3b ∼ 3q and equivalently, q 1 = q . Thus h 0 (X, 3G) = 2.
In Case B2-1, 3b ∼ 3q and equivalently, q 1 = q .
Claim 2.3. {q 1 } = Bs |3G + Γ|. In particular, a general member of |3G + Γ| is a smooth curve of genus 3.
Proof. Case B2-1: In view of the exact sequence
Case B2-2: The image of
is contained in the two-dimensional subspace
Proof of Lemma 2.2 continued. We shall show a general member B of |3G + Γ| is non-hyperelliptic. Let ρ : M → X be the blowing up at Let Σ := Σ 1 be the Hirzebruch surface 
Hence, (F + 2E)| E ∼ 0.
Lemma 2.5. |F + 2E| is base point free and its general members are non-hyperelliptic curves of genus 3.
Proof. We consider the following two exact sequences:
Since F is a fiber of the ruling p•λ•µ −1 : X → P 1 and since b is a smooth point of the anti-canonical divisor E, we infer that h 0 (M, F + 2E) = 4
and
Let D be a general member of the linear system. Then D is a smooth curve of genus 3. We have only to show that D is non-hyperelliptic.
We set Let C be an elliptic curve with an ample divisor A of degree 2. Let X be the
) and let p : X → C be the structure morphism. Then | − K X | is non-empty. We take an effective divisor
Lemma 2.6. A general member B of |p * A − K X | is a smooth nonhyperelliptic curve of genus 3.
Proof. Let C 0 be the negative section of p :
and Bs |p
is also base point free. Hence, B is smooth with B ∩ C 0 = ∅. Since
we have g(B) = 3 and an exact sequence:
This indices an isomorphism
Hence, for the morphism Φ := Φ |p * A+C 0 | : X → P 2 , the restriction Φ| B : B → P 2 is the canonical map. Here B ∼
(2). Hence, B is hyperelliptic if
and only if B is the pullback of a conic by Φ. However, we have
Therefore, B is non-hyperelliptic. Let C be an elliptic curve and let E be one of the following locally free sheaves:
Thus we obtain a minimal triplet (X, B, G) with B ∼ p
C2-1: E = O C (q 1 ) ⊕ O C (q 2 ) for two points q 1 = q 2 of C with 2q 1 ∼ 2q 2 .
C2-2:
There is a non-splitting exact sequence:
for a point q of C.
Case C2-1: Let p : X → C be the P 1 -bundle associated with E. For a point q ∈ C, we denote the fiber p −1 (q) by q . Then we have two sections C 1 and C 2 with C 1 ∼ H E − q 1 and C 2 ∼ H E − q 2 , respectively.
Here H E denotes a tautological divisor with respect to E.
Lemma 2.7. A general member B of |H E − K X | is a smooth nonhyperelliptic curve of genus 3.
Proof. First, we shall prove that B is a smooth curve of genus 3. From the exact sequence
we infer that h 0 (X, H E − K X ) = 4 and
where q 3 and q 4 are points of C determined by q 3 ∼ 2q 2 − q 1 and q 4 ∼ 2q 1 − q 2 , respectively. Therefore, B ∈ |H E − K X | must intersect C 1 and C 2 , transversally. Thus B is smooth. The genus g(B) is 3, since
Next, we shall prove that B is non-hyperelliptic. Here, we note that {q 3 , q 4 } ∩ {q 1 , q 2 } = ∅ by assumption. We consider the separation
G).
Since B intersects C 1 and C 2 transversally at points x 1 := q 3 ∩ C 1 and x 2 := q 4 ∩ C 2 , ρ is just the blowing-up at {x 1 , x 2 }. Let Γ i = ρ −1 (x i ) and let C i be the proper transform of
The linear system |D| is base point free by the proof of Proposition 1.4. Let Φ be the morphism Φ |D| : M → P 3 .
Suppose that M → Φ(M) is not birational. Then this is a generically finite morphism of degree 2 and Φ(M) is a quadric surface in P 3 . Now Case C2-2: Let p : X → C be the P 1 -bundle associated with the E.
Then we have a minimal section C 0 with
admits no splitting. We set G := 2C 0 .
Lemma 2.8. A general member B of |H E − K X | is a smooth nonhyperelliptic curve of genus 3.
Proof. First, we show that B is a smooth curve of genus 3. Note that
Let us consider the following exact sequences:
Then H 1 (X, 2C 0 + q ) = 0, h 0 (X, 3C 0 + q ) = 4, and the image of 
Thus B is smooth.
The genus g(B) is 3, since (K
Next, we shall prove that B is non-hyperelliptic. Let ρ 1 : X 1 → X be the blowing-up at the point b and Γ 1 the exceptional divisor ρ (2) 
is surjective. Therefore, Φ is birational onto its image. 
We have a relation
The image σ(E) of E under σ : M → S consists of the point (1 : 0 : 0 : 0). The rational map S ···→ P 2 induced by the projection P 3 ···→ P 2 from the point is the birational map
In what follows, we shall prove the following: 
maps E to a point v and a fiber of p to a line of P 3 . Hence the image S is the join of v and the quartic curve Φ |D| (D). Thus S is a cone over
D. §3.2. Proof in the case of Type B
Suppose that (X, B, G) satisfies C r and 2K X +B is nef. Then (
Hence r ≤ 4 and 
If p a (G 0 ) = 0, then X is a rational surface by Lemma 1.3. Thus X is rational by Corollary 1.2.§3. 
Proof in Case B1
In this case, X is a generalized del Pezzo surface of degree 2, B is a
.2. Proof in Case B2
In this case, X is a rational surface with K Proof. We have Proof. Let G 0 be a component of G with B · G 0 = 1 and let 
This implies that π induces a double-covering B Z → P 1 . This contradicts the assumption: B is non-hyperelliptic.
Lemma 3.5. Let q , q 1 , and b be the points of X defined by
respectively. Then the following properties hold: 
is nef and big. Thus Φ = Φ |2K X +B| is a rational map into P 1 . Let ν : X → X be a proper birational morphism such that the composite 
We consider the following exact sequence:
Thus a general member of |F + G| is smooth. Let µ : Y → X be the blowing-up at b and let Λ be the exceptional divisor µ
Then f is a generically finite surjective morphism of degree 2, since ( (1) There is a generically finite morphism λ : Y → Σ such that
(2) V has only rational double points as singularities.
(4) V is the double-covering of Σ branched along a reduced divisor
is a locally free sheaf of P 1 of rank 3 and there is the following exact sequence on P 1 :
have a subsheaf F of E and an exact sequence
is the double-covering branched along a reduced divisor ∆ ∼ 2Ξ + 6 .
Moreover, V has only rational double points and Y → Σ is the minimal desingularization, since K Y is relatively trivial over V . Bs |B| = Bs |F + 2G| = ∅ and Φ |B| is a birational morphism into a normal quartic surface in
On the other hand, we have
Thus the rational map Φ |F +G| : X ···→ P 2 is the composite of Φ |B| : X → P 3 and the projection P 3 ···→ P 2 from the point
is a line of P 3 . This is a contradiction. 
. Proof in Case C1
In this case, we have (K X + B) · = 0. Thus there is a divisor A on
implies that g(C) = 1 and r = 4. In particular, C is an elliptic curve.
We may assume that X is isomorphic to P C (E) for one of the following locally free sheaves E of rank 2:
(β): E has a non-splitting exact sequence:
(γ): E has a non-splitting exact sequence:
The case (γ) does not occur by the following:
Proof. Let G be a member of |−K X |. Then G = G 1 +G 2 for a horizontal prime divisor G 1 and a non-zero effective divisor G 2 by Corollary 1.2.
Then G 1 and G 2 are nef, since E is stable. Thus we have G
is not a section, since E is stable. Hence G 1 → C is a double-covering and G 2 is contained in fibers. Since some ample divisor of X is written as a combination of G 1 and G 2 , we infer that G 2 = 0 by the Hodge index theorem. This is a contradiction.
Case (β): We have a unique member C 0 of the linear system |H E | which corresponds to the injection O C → E. Therefore K X ∼ −2C 0 .
Since the exact sequence 
Proof.
Step 1:
for the first projection π : X P 1 × C → P Hence we can reduce to the case deg L < 0.
Step 2: Suppose that L O C but deg L = 0. Then we have two mutually disjoint sections C 0 and C 1 of the ruling p : X → C such that Step 4: Suppose finally that deg L ≤ −2. We have two mutually disjoint sections C 0 and C 1 such that C 0 ∼ H E and Case C2-1: First assume that q 1 = q 2 . Then X P 1 ×C. Let π : X → P 1 be the first projection and let be the fiber p −1 (q 1 ) = p −1 (q 2 ). Then
Therefore, is a fixed component of the linear system |B|. This is a contradiction. Thus q 1 = q 2 .
Let i be the fiber p −1 (q i ) for i = 1, 2. Let C 1 and C 2 be the minimal sections of p : X → C with C 1 ∼ H E − 1 and C 2 ∼ H E − 2 , respectively.
and −K X ∼ C 1 +C 2 . Since G| C 1 ∼ ( 2 − 1 )| C 1 is non-trivial, G contains C 1 and also C 2 . Thus G = C 1 + C 2 .
Suppose that 2q 1 ∼ 2q 2 on C. Then 2C 1 ∼ 2C 2 . Thus the base point free linear system |2C 1 | defines a morphism φ : X → P 
